A new evolution equation is derived for a laminar flame front propagating into air and a polydisperse liquid fuel spray cloud. The asymptotic analysis employed for developing the equation exploits the usual inverse large activation energy parameter associated with chemical reaction in the flame. It is demonstrated that the droplet size distribution in the fuel cloud can be critical in determining whether propagation or extinction of the flame front occurs, even for different size distributions initially having the same Sauter Mean Diameter (SMD).
INTRODUCTION
Although practical modes of coping with ignition under both normal and extreme conditions are technologically available, the details of the ignition of a polydisperse spray are far from completely understood, involving the complex interaction of heat, mass and momentum transfer in a two-phase multi-component medium. From a theoretical viewpoint the whole spray ignition process from beginning to end can probably be only undertaken fully using computational fluid dynamics. Such an approach is advantageous in being able to include the entire range of two-phase physico-chemical processes at play. However, an alternative sound strategy is to attempt to formulate mathematical models that describe the different stages in the spray ignition process, with the ultimate aim being to fuse them together in order to construct the entire ignition history.
A comprehensive review of previous experimental and numerical research on spherically symmetric flame propagation through a fuel spray cloud can be found in [1] . It was noted that such research was exclusively concerned with operating conditions that ensure the continued existence of the flame. Although issues such as flame structure and stability were addressed, conditions for possible extinction of the spherically propagating spray flame were not considered.
In this work attention is focused on the situation wherein a flame is being established propagating into a fresh mixture of air, fuel vapor and a polydisperse cloud of fuel droplets. It is assumed that the earliest critical stages of ignition have already been overcome and that a laminar spherical flame front is now present in some emerging form. In a previous publication [2] the droplets were assumed to evaporate in a steep vaporization front. A slowly varying flame (SVF) analysis was used to develop the evolution equations for the flame and evaporation fronts. It was found that even though temporary establishment of a propagating flame front occurs, this alone does not necessarily ensure the subsequent existence of the flame. Rather, there are operating conditions dictated by gas heat losses (radiative or convective) and, more importantly here, by liquid fuel heat losses that critically determine whether the flame is actually extinguished or not. When the fuel droplets evaporate in a vaporization front (i.e. at an infinite rate) the droplet load in the fresh unburned mixture and the latent heat of vaporization (associated with the heat absorbed by the droplets for evaporation) were found to be the prime spray related factors involved in the life or death of the flame front. In a subsequent extension [1] , the droplets were allowed a finite evaporation rate and non-zero droplet slip velocity. The influence of these spray related parameters on flame propagation was assessed. However, a deficiency of the theory lay in the treatment of the spray as being mono-sectional; that is, all sizes of droplets were lumped together in a single size section so that the internal size structure of the spray was essentially glossed over in an integral fashion. Realistic fuel sprays used in combustion engineering applications are actually polydisperse.
In the current paper the problem of the propagation of a spherical flame front through a liquid fuel spray and its extinction is re-analyzed with particular emphasis on the role played by the initial droplet size distribution.
THE MODEL
Consider an unconfined domain containing a mixture of fuel droplets, fuel vapor, oxygen and an inert gas. At time t = 0 the mixture is ignited and, under appropriate conditions, a flame front begins to propagate outwards with spherical symmetry through the mixture. The main assumptions of the model are as follows:
(a) Velocities are small compared to the speed of sound. The situation under consideration is sketched in Fig. 1 . Assumptions (a)-(i) are frequently adopted in the context of laminar flame theory for which they can be reasonable representations of the physics at play (see, for example, Williams [3] or Buckmaster and Ludford [4] ). Assumption (j) is relevant to sufficiently small droplets for which dynamic adjustment to equilibrium with their surroundings is instantaneous, and assumption (k) is predicated on immediate adjustment of the spray's droplets to the temperature of their environment (see [5] ) due to the thermal conductivity of the liquid phase being much greater than that of the host gas phase. Although any appropriately deemed temperature, such as the wet-bulb temperature, could have been chosen to characterize the onset of evaporation (assumption (l)) the liquid fuel's boiling temperature was taken for convenience. (The effect on the results to be presented is quantitative rather than qualitative (see [1] ).
Under the aforementioned assumptions and taking the actual mass fraction of liquid fuel in the droplets to be small (of the order of 10 -2 ) the governing equations assume the following form 
,
in which ρ is the mixture density, u is the velocity, T is the temperature, α is the ratio of the unburned gas temperature to the adiabatic burned gas temperature, F(t) is the location of the flame front, δ^is the delta function, K(T) = h(T 4 -α 4 ) represents radiant heat loss with h the heat loss coefficient, η is the latent heat of vaporization of the droplets in the spray, m o is the mass fraction of oxygen, r is the radial coordinate and t is time. Note that the gas phase dependent variables and the independent variables have been rendered dimensionless in the usual fashion (Matkowsky and Sivashinsky [6] ). The rate of vaporization, S v , is based on the use of the sectional method for describing the spray and m dj is the mass fraction of liquid fuel in size section j of the spray. The reader is referred to reference [7] for the details of the method. The expression for S vj is (6) with (7) in which ∆ j and Ψ j are the sectional vaporization Damkohler numbers, the former relating to the rate of loss of droplets from section j to the next section down and the latter to the rate at which droplets enter section j as they become ineligible for membership of section j+1 owing to a reduction in their size due to vaporization. The sectional vaporization Damkohler numbers are computed using the relationships
where E is an evaporation coefficient and d uj and d lj define the smallest and largest droplet radius, respectively, associated with size section j. In addition, (9) with N S being the number of size sections into which the initial droplet distribution has been subdivided. The location of the onset of liquid fuel vaporization is uniquely determined by means of T v , which is a reference temperature (taken here as the boiling temperature). This value is a property of the given fuel.
It should be pointed out that a fuel rich system is under consideration here (assumption (f)) and that conditions are supposed such that the flame propagates in the vapor phase with the spray of droplets acting as sources of vapor, rather than through a network or relay mechanism [8] . Park et al. [9] studied flame propagation along a onedimensional array of droplets and, for the relay mechanism, found that flame spread occurs in either a continuous mode or an intermittent mode, depending on operating conditions. However, the current model presupposes operating conditions for which such modes are not applicable.
REDUCTION OF THE GOVERNING EQUATIONS
The analysis that is adopted follows aspects of that originally given by Sivashinsky [10] for gas flames, so, for clarity and comparison, his notation is essentially followed. A new coordinate system is defined connected to the flame front via (10) and scaling the variables in accordance with an SVF analysis through: (11) leads to the following set of equations (12) (13)
MATCHING AND BOUNDARY CONDITIONS
The boundary conditions at r = 0 are
where δ j is the fuel droplet load in the j'th size section in the fresh mixture.
At the radius of onset of vaporization :
where the square brackets denote the jump in the quantity they contain. Note that the location of the onset of vaporization will be determined in terms of where the temperature reaches the boiling temperature of the liquid fuel (T v ). At the flame front (x = 0):
SOLUTION
Solution of the governing equations is achieved by expanding in power series in θ -1 .
Substituting into Eqs. (12)- (15) and the boundary and matching conditions leads to the leading order set of equations which can be solved to yield: 
( ( ) 
This equation is integrated between 0 + < x < ∞. The details are omitted here as they exactly mimic reference [11] with the exception of the contribution of the last term in Eq.(28) that represents the heat loss due to droplet evaporation. This leads to an extra expression that must be evaluated. After much mathematical manipulation the flame front evolution equation is finally derived 
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and (34) where (35) is the total initial droplet load. If there are no droplets present in the fresh mixture δ = 0 and it can be shown that Eq. (29) collapses to that of reference [11] . It is seen that the presence of the fuel droplets contributes an additional non-linear heat loss term to the flame front evolution equation, resulting from the absorption of heat by the fuel droplets for vaporization. This heat loss is proportional to the initial liquid fuel loading in the fresh mixture and the heat of vaporization of the liquid fuel under consideration. Apparently, the liquid fuel may enhance extinction of the flame front.
RESULTS AND DISCUSSION
The flame front evolution equation is readily solved numerically given initial values of S and R (both equal to unity). The initial conditions can be understood in terms of spark ignition. A fixed value of the initial R under initial different values of S corresponds to altering the energy deposited with the spark gap fixed. Conversely, altering the initial R whilst the initial S is held fixed corresponds to changing the spark gap but with a fixed energy per unit volume supplied to the ignition kernel. This interpretation explains the rapid jump and then decline in the propagation velocity for small values of the radius. In this work fixed initial values of S and R were taken as it was the subsequent evolution of the spray flames for different initial droplet size distributions that was of interest here. Unless stated otherwise data used for the calculations was: α = 0.16, T v = 0.2, l = 0.3 and Γ = 0.8. Although the Lewis number does not need to be specified to obtain the qualitative behavior of the system the fuel rich conditions considered dictate that Le < 1, whence I>0 (see Eqs. (31) and (33)). In Table 1 the way in which the range of droplet sizes is divided into size bins or sections is defined. In Table 2 three droplet size distributions in the fresh unburned mixture are described. Distribution 1 is initially mono-sectional with all droplets located in the 40-50 µm size slot. Distribution 2 is initially bi-disperse with about 80% of the liquid fuel in droplets in the 70-90 µm range and the remaining 20% comprised of 10-20 µm droplets. Finally, the third distribution has droplets spread out throughout the entire range of droplet sizes. The three distributions have in common a Sauter mean diameter (SMD) of 44.8 µm. The criterion for flame extinction employed in this work deserves a comment. Due to the unsteady term in the flame propagation velocity equation (29), no single welldefined point of extinction exists. An extinction point can be defined as the point where the flame temperature decreases to a value corresponding to a chemical quenching limit, or the point of inflection of the S vs R curve or the point where S = 0. Here, the latter condition was arbitrarily used, although use of the other criteria yields similar qualitative behavior.
In Fig. 2 a plot is shown of the flame velocity S against the flame radius R for the three different droplet size distributions and an evaporation coefficient E equal to 10. For this particular set of data all three flames manage to establish a steady propagation rate. The use of the bi-disperse spray leads to a slightly lower velocity presumably because of the concentration of larger droplets in size section 9 that supply vapor to fuel the flame at a slower rate. The flames that propagate through spray size distributions 1 and 3 do so at about the same rate. Integration of the velocity provides the data for Fig.  3 in which the flame radius is shown as a function of time. The establishment of steadily propagating spray flames is rather clear.
Figure 2:
Effect of initial droplet size distribution on propagation and extinction of spherical spray flames; δ = 1, E = 10.
If the evaporation coefficient is increased twofold to a value of 20 (which can be envisaged to be the consequence of use of a more volatile fuel) the resulting flame velocity versus flame radius plots are as shown in Fig. 4 with the corresponding R vs.τ plots given in Fig. 5 . Under these operating conditions two of the spray flames extinguish whereas the third one succeeds in reaching a steady rate of propagation. The bi-disperse spray permits propagation whereas the initially mono-sectional (distribution 1) and the completely disperse (distribution 3) sprays cannot support prolonged combustion and extinction occurs. The flame attempting to propagate through distribution 1 extinguishes more readily than the one through distribution 3.
It should be noted that a detailed numerical investigation of the effect of stretch in spherically propagating premixed polydisperse spray flames was given in [12] . Extinction was not considered. However, for sustainable flames behavior qualitatively similar to what is predicted by the current model was found. In addition, it was shown there that the possibility of an increase of the flame propagation velocity exists for certain sets of operating conditions. For the off-stoichiometric conditions considered here and, perhaps, also due to the use of the SVF approach and the single step chemical model employed, such behavior was not predicted in the current work. Nevertheless, the current model provides a useful framework that does have applicability under appropriate operating conditions.
Figure 3:
Effect of initial droplet size distribution on propagation and extinction of spherical spray flames -evolution of flame radius; δ = 1, E = 10.
Figure 4:
Effect of initial droplet size distribution on propagation and extinction of spherical spray flames; δ = 1, E = 20.
A behind-the-scenes picture is afforded in Figs. 6, 7 and 8 where the sectional mass fractions spatial distributions are plotted at three instances in time for size distributions 1, 2 and 3, respectively. Notice that the scaling in each set of figures varies in accordance with the relevant characteristic sectional mass fraction. Each of the three figures clearly shows the migration of droplets to lower sections as evaporation occurs in the initially populated sections. For example, following the graphs of distribution 1 in Fig. 6 for which all droplets are initially in section 6 -at any instant of time the way in which there is a build up of droplets in all sections lower than section 6 can be clearly observed. In Fig. 7 , for the initially bi-disperse distribution, the steep curve for the smaller droplets initially in section 3 as compared to the more moderate curve for droplets initially in section 9 indicates the rapid evaporation of the smaller droplets as opposed to the more gradual evaporation of the larger droplets. Similar comments are also relevant to the third size distribution, as can be seen in Fig. 8 . However, in addition, the shift of the curves with time in each of the three figures is also of relevance. For initial distributions 1 and 3 the clear movement of each the curves to the right with time indicates that flame extinction is occurring, under which circumstances the location of the onset of evaporation, x v , tends to infinity. Conversely, for initial distribution 2 the minor differences between the curves at instances τ = 0.50 and τ = 0.75 is symptomatic of a situation in which the flame is approaching a constant rate of propagation.
Figure 5:
Effect of initial droplet size distribution on propagation and extinction of spherical spray flames -evolution of flame radius; δ = 1, E = 20.
Figure 6:
Internal spray structure -evolution of sectional mass fractions for initial spray size distribution 1; δ = 1, E = 20.
Figure 7:
Internal spray structure -evolution of sectional mass fractions for initial spray size distribution 2; δ = 1, E = 20.
Figure 8:
Internal spray structure -evolution of sectional mass fractions for initial spray size distribution 3; δ = 1, E = 20.
Whereas the aforementioned results plainly demonstrate the sensitivity of continued spray flame propagation to the initial size distribution of the droplets in the spray and to the evaporation coefficient, it was shown in a previous work [2] that the total initial mass fraction of liquid fuel can also be critical in determining whether the flame combusts or extinguishes. In view of this it is instructive to construct a map which delineates between undesirable operating conditions for which flame extinction will occur and desirable conditions for which flame propagation is assured. In Fig. 9 curves of the values of the critical evaporation coefficient, E cr , are drawn as a function of different total initial droplet loads for the three initial droplet size distributions. For a given initial droplet size distribution operating conditions below the critical curve facilitate continued flame propagation whereas conditions above the curve produce flame demise. From Fig. 9 it can be observed that the most amenable distribution for flame propagation, irrespective of the initial droplet load, is the bi-disperse distribution. The least amenable distribution is the initially mono-sectional one, with the curve for distribution 2 lying in between those of the other two distributions. Not unexpectedly, all the critical curves decrease monotonically with increasing droplet load.
Another way of examining critical operating conditions is to determine the critical value of the total initial droplet load for a fixed value of the evaporation coefficient.
Such curves are plotted in Fig. 10 . They, too, indicate that there is a large set of operating conditions for which distribution 2 can enable propagation whereas the other distributions cannot. In addition, there also exist conditions under which both distributions 2 and 3 can sustain a flame whereas distribution 1 will fail to do so. For example, if the total initial droplet load is δ = 0.45 and E = 50 this situation applies. Now, all three initial size distributions that have been considered possess the same Sauter Mean Diameter. Despite this fact the computed results show the strong dependence of the critical curves on the actual initial droplet size distributions. This underscores the way in which the use of the SMD to characterize a given polydisperse spray may provide incorrect conclusions in practice.
Figure 9:
Critical evaporation coefficient vs. total initial droplet load, for different initial spray size distributions; for a given distribution conditions below the critical curve permit steady flame propagation, whereas conditions above it will result in flame extinction.
Figure 10:
Critical total droplet load vs. evaporation coefficient, for different initial spray size distributions; for a given distribution conditions below the critical curve permit steady flame propagation, whereas conditions above it will result in flame extinction.
CONCLUSIONS
A new evolution equation was derived for a laminar flame front propagating into air and a polydisperse liquid fuel spray cloud. It was demonstrated that the initial droplet size distribution in the fuel cloud can be critical in determining whether propagation or extinction of the flame front occurs, even for size distributions having the same Sauter Mean Diameter (SMD). The current model is predicated on an initial mixture in which a flame already exists in an embryonic form. The model enables analysis of the subsequent evolution and how it may be jeopardized by heat losses associated with droplet evaporation. In view of the influence of droplet drag effects in enhancing extinction, as reported in [1] , it may be suggested that the current results, predicated on a no-slip velocity assumption, will serve as an upper bound for the actual behavior of a polydisperse spray for which a slip velocity exists. A detailed analysis of this more complex situation will be reported on in the future. Finally, the more difficult problem of constructing a theoretical model of ignition of a flame ab initio in an air+cloud of fuel droplets may potentially make use of the current theory as some sort of limit, and is currently under investigation.
